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Abstract-It is shown that the invariant set of an c-contractive map f on a compact metric 
space X is the same as the set of periodic points of f. Furthermore, the set of periodic points of f 
is finite and, only assuming that X is locally compact, there is at most one periodic point in each 
component X. The theorems are applied to prove a known fixed-point theorem, a result concerning 
inverse limits, a result about periodic points of compositions, and a result showing that c-contractive 
maps on continua are really contraction maps with a change in metric. It is shown that all our results 
hold for locally contractive maps on compact metric spaces. @ 2002 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
Let X be a compact metric space, and let f : X --t X be a map. Then the invariant set of f is 
the set I(f) = n,“=, f”(X). (Regarding the terminology, see Lemma 2.1.) 
Let (X, d) be a metric space, and let E > 0. A map f : X + X is e-contractive provided that 
for all 2, y E X with 5 # g and d(z, y) < E, d(f(z), f(y)) < d(z, y). 
Edelstein [l, 5.1, p. 771 proved that any c-contractive map f of a nonempty compact metric 
space X into itself has a periodic point. We prove a stronger result in Theorem 2.2, namely 
that the set, of periodic points of f is the same as the invariant set of f. In addition, we prove 
in Theorem 2.4 that there are only finitely many periodic points of f. Assuming only that X 
is locally compact rather than compact, we prove in Theorem 2.6 that each component of X 
contains at most one of the periodic points of f. We apply Theorem 2.6 to obtain a known fixed- 
point theorem for e-contractive maps (Corollary 2.7); later, we will strengthen the fixed-point 
theorem (Theorem 3.6). 
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We consider Section 3 to be the heart of the paper since the results in Section 3 illustrate 
the usefulness of our theorems in Section 2. In particular, we apply theorems in Section 2 to 
obtain a result about inverse limits (Theorem 3.2) and a result about the number of periodic 
points of compositions of e-contractive maps (Corollary 3.3). The result about compositions 
is combinatorial in nature; thus, the proof of the result is surprising in that the proof uses 
topological methods. The result about compositions leads to a new purely combinatorial question 
(Question 3.5). Theorem 3.6 is a remetrization theorem which follows using our theorem about 
the invariant set (Theorem 2.2)<and a theorem of Janos [4]. 
In Section 4, we show that for compact spaces, all our results about c-contractive maps in 
previous sections hold for locally contractive maps (defined in Section 4). At the end of Section 4, 
we comment about an error in [3] concerning locally contractive maps. 
We conclude our introduction with general notation and terminology. We give more specialized 
terminology at appropriate places. 
If (X, d) is a metric space, z E X and E > 0, then B(z, E) denotes the open ball about z of 
radius E, and C(Z:, E) denotes the closed ball about 2 of radius E. 
Let X be a set, and let f : X + X be a function. For each integer n 2 1, f” denotes the nth 
iterate of f, that is, the composition f o f 0. . . of of f with itself n 7 1 times (f 1 = f, f 2 = f o f, 
etc.). Also, f” is the identity map of X. 
Let X be a set, let f : X --) X be a function, and let x E X. Then x is called a periodic point 
of f provided that fn(x) = x for some integer n 2 1; the smallest such positive integer n is 
called the period of x (with respect to f). We denote the set of all periodic points of f by Per(f). 
A continuum is a nonempty compact connected metric space. 
2. PERIODIC POINTS AND THE INVARIANT SET 
The invariant set of a contraction mapping on a nonempty compact metric space is the unique 
fixed point of the mapping. In analogy, we prove in Theorem 2.2 that the the invariant set of 
a locally contractive mapping f on a nonempty compact metric space is the set of all periodic 
points of f. 
We note the following lemma (which is Lemma I of [5] without requiring that M in Lemma I 
be a continuum). 
LEMMA 2.1. If X is a compact metric space and f : X --t X is a map, then f [I( f )] = I(f) . 
THEOREM 2.2. Let (X,d) be a compact metric space, and let f : X ---f X be an c-contractive 
map. Then I(f) = Per(f). 
PROOF. Let x E Per(f). Let k be the period of z. Then fik(x) = x for all integers i 2 1. Hence, 
x E fi” (X) for all integers i 2 1. Thus, since f n+l X C f”(X) for all integers n 2 1, it follows ( ) 
that x E I(f). 
To prove the reverse containment, let ps E I(f). Then, since f[I(f)] = I(f) by Lemma 2.1, 
there is a point pi E I(f) such that f (pl) = po. Assume inductively that we have chosen a point 
p, E I(f); then, using Lemma 2.1 again, choose p,+l E I(f) such that f (pn+l) = p,. Thus, we 
have defined a sequence {pn}FZ1 of points of X such that f(p,+r) = p, for each n = 0, 1,2,. . . . 
Since X is compact, there is a subsequence {pn,}zl of {pn}rCl converging to a point q. 
We prove that {f”;(q)}zl --) PO; then we will know by Theorem 2 of [l, p. 761 that pc E Per(f), 
which completes the proof of the theorem. 
Let 6 > 0 such that 6 5 E. Since {p,,,,}~l --t q, there exists N such that d(pn,,q) < 6 2 E for 
all i 2 N. Thus, since fni(p,,) = po and f”& is e-contractive for all i, 
d(fn’(q),po) = 4fn’(d,fni(~n,)) I d(q,pn;) < 4 for all i >_ N. 
This proves that {f ni (q)}yzl + PO. I 
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Next, we prove our theorem about the finiteness of the set of periodic points. Even though 
the proof of the theorem is elementary, the theorem will be important in the next section. The 
reason that the theorem is true is best expressed by the following lemma. 
LEMMA 2.3. Let (X,d) be a metric space, and let f : X + X be an c-contractive map. Then 
any two periodic points off must be at least E apart. 
PROOF. Assume that p and q are periodic points of f such that d(p,q) < E. Let k and e be 
the periods of p and q, respectively. Note that p = fke(p) and q = f”!(q). Thus, since fke is 
c-contractive, 
d(p,q) = d (fke(p), fke(q)) < d(p, q), 
which is impossible unless p = q. 1 
THEOREM 2.4. If (X,d) is a compact metric space and f : X + X is an c-contractive map, 
then f has only finitely many periodic points. 
PROOF. The theorem follows from Lemma 2.3 since for any E > 0, an infinite set in a compact 
metric space contains two different points less than E apart. I 
Our next result is Theorem 2.6. It says that for an c-contractive map of a locally compact 
metric space into itself, each component of the space can contain at most one periodic point of 
the map. We will see that local compactness is necessary in Example 2.8. 
LEMMA 2.5. Let (X,d) be a metric space, Jet p E X, and let f : X ---f X be an c-contractive 
map. Let 
S = {z E X : {f”(x)}rCt”=, has a subsequence {f”*(z)}zl -+ p}. 
Then S is closed in X and, if X is locally compact at p, S is open in X. 
PROOF. Let {ok}r=i be a sequence in S such that {ok}p=i converges to a point q E X. We show 
that q E S, which proves that S is closed in X. 
Let 6 > 0 such that 6 I E. Since {ak}~& -+ q, there is an integer j 2 1 such that d(uj, q) < 6/2. 
Since aj E S, {f”(aj)},“,l has a subsequence {f”*(uj)}~l --+ p; hence, there exists N such that 
(1) d(fn;(uj),p) < 6/2 for all i 2 N. 
Since d(uj, q) < 612 < E and f ni is c-contractive for all i, we have that (note: the first inequality 
below is not strict since we may have uj = q) 
(2) d(fn’(q), f”;(uj)) 5 d(uj,q) < 6/2 for all i. 
By the triangle inequality and by (1) and (2), 
4fna(q),p) I d(f”‘(q),f”‘(uj)) +d(fn’(uj),p) < 6, for all i 2 N. 
This proves that {f”? (q)}zl + p; in other words, q E S. Therefore, we have proved that S is 
closed in X. 
Now, to prove the second part of the lemma, assume that X is locally compact at p. Then 
there exists 77 > 0, n < 6, such that the closed ball C(p, 7) is compact. 
Let z E S. We prove that the open ball B(z,q/2) is contained in S. 
Let y E B(z, v/2). Since z E S, {fn(z)}Fz, has a subsequence {f”i(z)}& -+ p. Hence, there 
exists it4 such that 
(3) d(fni(r),p) < 77/2 for all i 2 M. 
Since d(y, z) < 77/2 < E and f”; is c-contractive for all i, we have that 
(4) d(fni(y), fn”(z)) 5 d(y,x) < 77/2 for all i. 
By the triangle inequality and by (3) and (4), 
d(fn’(y),p) 5 d(fn’(y),fn’(z)) +d(f”‘(z),p) < 77, for all i 1 M. 
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Hence, f”*(y) E C(p, 77) for all i 2 M. Thus, since C(p, 71) is compact, the sequence {fn~ (y)}gM 
has a subsequence {_f”Q (y)}& that converges to some point po E C(p, 7). Hence, by Theorem 1 
of [l, p. 741, po is a periodic point of f. 
Since S is open in X if S = 0, we assume that S # 8. Then, by Theorem 1 of (1, p. 741 
and the way S is defined, p is a periodic point of f; also, as shown in the preceding paragraph, 
po is a periodic point of f and d(p,po) 5 77 < E. Therefore, by Lemma 2.3, p = po. Hence, 
{fniy (y)}& -+ p. This proves that y E S. Thus, we have proved that B(z, v/2) c S. Therefore, 
since z was an arbitrarily chosen point of S, we have proved that S is open in X. I 
THEOREM 2.6. If (X,d) is a locally compact metric space and f : X + X is an e-con&active 
map, then each component of X contains at most one periodic point off. Hence, if X is also 
connected, f has at most one periodic point (which, of course, would be a fixed point off). 
PROOF. Let Y be a component of X such that Y contains a periodic point p of f. Let m be the 
period of p. 
Let g = f” ) Y. Since g(p) = f”(p) = p, g(Y) nY # 0; thus, since g(Y) is connected and Y is 
a component of X, we have that g maps Y to Y; clearly, g is e-contractive. In addition, since Y 
is closed in the locally compact space X, Y is locally compact at p. Hence, letting S be as in 
Lemma 2.5 with X and f replaced by Y and g, respectively, we have by Lemma 2.5 that S is 
both closed and open in Y. Also, S # 0 since p E S (because gn(p) = (fm)n(p) = p for all 
integers n 2 1, hence, {gn(p)}FCI -+ p). Therefore, since Y is connected, we have that 
(1) s = Y. 
Now, assume that q E Y and that q is a periodic point of f. Let e be the period of q with respect 
to f. We show that q = p, which will complete the proof of our theorem. 
Let H = { fn(q) : n = 1,2,. . . }. Since q is a periodic point of f, we see that 
(2) H is a finite set. 
BY (I), {?(q))% h as a subsequence {gn~(q)}~I + p. Since gny(q) = f”“;(q) for each i, 
gna (q) E H for each i. Therefore, since {gnl(q)}El + p, we see from (2) that there exists an 
integer N 2 1 such that 
(3) gni (q) = p for all i 2 N. 
Note that g(p) = f”(p) = p; thus, since gnN (q) = p by g, we see that 
(4) g”(q) = p for all k 1 nN. 
Finally, since g = f m 1 Y and f ‘(4) = q, 
g”“%) = f”““%) = 4, 
therefore, by (4), q = p. I 
The following corollary is known ([l, Corollary 7.1, p. 79]), but we include the corollary as an 
application of Theorem 2.6. We will obtain a stronger result in Theorem 3.6. 
COROLLARY 2.7. Let X be a continuum, and let f : X -+ X be a e-contractive map. Then f 
has a unique fixed point and no periodic point other than the fixed point. 
PROOF. Since X is nonempty and compact, f has a periodic point p by 5.1 of [l, p. 771. Therefore, 
the corollary follows from Theorem 2.6. I 
Fixed-point theorems for various types of local contractions (sometimes with nontopological 
restrictions on the spaces) are in [l-3,9]. Regarding Corollary 2.7 and a result in [3], see our 
comments at the end of Section 4. 
We give an example to show that local compactness is a necessary assumption in Theorem 2.6. 
The example is a modification of Example 3 of [7, p. 3851. 
EXAMPLE 2.8. Let X = {(z,y) E Iw* : IC 2 0 and y > 0) U {(O,O), (l,O)}, and let f : X + X be 
given by f (5,~) = (l/2) . (z/Cl + YLO) + (l/2) . (x,Y) f or all (z,y) E X. Then X is connected 
and f is 1-contractive with the two fixed points (0,O) and (l,O). 
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3. APPLICATIONS 
We present several applications of our theorems in Section 2. Our principal applications involve 
inverse limits and periodic points of compositions. Another, quite different application is a 
remetrization theorem for e-contractive maps on continua (Theorem 3.6). 
In Theorem 3.2, we completely determine what an inverse limit of a nonempty compact metric 
space with a given locally contractive bonding map looks like. The theorem describes the dy- 
namics inherent in such inverse limits. We then apply Theorem 3.2 to show that the number of 
periodic points of the composition of two e-contractive maps of a compact metric space to itself is 
independent of the order in which the composition is done (Corollary 3.3). We discuss the purely 
combinatorial aspects of Corollary 3.3; the discussion leads to a question about finite families of 
functions on finite sets (Question 3.5). 
We first present some definitions and notation. 
Let {X,}z”,i be a sequence of spaces, and let {fi},“=, be a sequence of maps fi : Xi+1 + Xi; 
then the inverse limit of {Xi, fi}zr, denoted by lim, {Xi,fi}, is the subspace of the Carte- 
sian product space nz”=, Xi (product topology) given by lim, {Xi, fi} = { (z,)z, E nzl Xi : 
ft(zi+l) = zi for all i}. When all the spaces Xi are the same space X and all the maps fi are 
the same map f, we denote the inverse limit by lim, {X,f}. Basic information about inverse 
limits is in Chapter II of [S]. 
Let X be a set, let f : X -+ X be a function, and let x be a periodic point of f of period n. 
The positive orbit of x is the set O+(x) = (2, f(z), . . . , fn-l(x)}. An inverse ordered n-tuple of 
O+(x) is any ordered n-tuple (x1,x2,. . , x,) of the points of O+(X) such that f (xi+r) = xi for 
eachi=1,2,.. . , n - 1 (where, for n = 1, the inverse ordered l-tuple of 0+(x) is (x)). 
We note the following elementary lemma about positive orbits. 
LEMMA~.~. LetX beasetandletf :X -+ X be a function. The collection of positive orbits 
of the periodic points off is a mutually disjoint partition of Per(f) and each positive orbit is 
invariant under f (i.e., f[O+(p)) = O+(p) for anyp E Per(f)). 
In preparation for our next theorem, we show how inverse ordered n-tuples give rise to points of 
an inverse limit. Let X be a space, and let x be a periodic point off : X -+ X of period n. Then 
there are exactly n inverse ordered n-tuples of U+(x), namely, the n cyclic permutations of a 
given inverse ordered n-tuple. Each inverse ordered n-tuple (xi, x2, . . , x,) of 0, (2) determines 
a point of lim, {X, f} by simply repeating the inverse ordered n-tuple to obtain 
The following theorem shows that all points of lim, {X, f} are of this form when X is compact 
and f is c-contractive. 
We denote the cardinality of a set A by [Al. 
THEOREM 3.2. Let X be a nonempty compact metric space, and let f : X ---f X be an e-con- 
tractive map. Then (xi)zI E lim+_{X, f} 8 each coordinate xi is a periodic point of f and 
(xi)& is a repeated inverse ordered n-tuple of O+(xr), where n is the period of x1; that is, 
Hence, lim, {X, f } consists of only finitely many points and 
/@{X7 .fli = Per(f )I 
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PROOF. From comments preceding the theorem, the conditions in the theorem are sufficient for 
a point (xi)zI to be in lim+_{X, f). We show that the conditions are necessary, and then we 
prove the last part of the theorem. 
Let (xi)zr E lim,{X,f}. Then, for each i, xi = fi+k(zi+k+l) for any k 
f’+“(X) c f”(X) when i + k 2 n, we see that xi E I(f). Hence, by Theorem 
for each i. 
We show that 
(1) Xi E 0+(X1) for all i. 
2 0; thus, since 
2.2, xi E Per(f) 
PROOF OF (1). Fix an integer i 2 2 (there is nothing to prove if i = 1). Then x1 = fi-l(xa) (since 
(xi)& E lim-{X,f}). Th us, since xi E O+(xi), x1 E fi-‘[O+(xi)]. Hence, by Lemma 3.1, 
x1 E O+(xi). Thus, since x1 E 0+(x1), O+(xi) = 0+(x1) by Lemma 3.1. Therefore, since 
xi E O+(x:i), we have that xi E 6+(x1). This proves (1). 
Now, let n denote the period of xl. Then we see from (1) that 
0+(x1) = {x1,22,. . . ,%I, Xi # Xj3 for i # j. 
Thus, since (xi)Er E lim,{X, f}, we see from the definition of inverse ordered n-tuple that 
(2) (Xl, X2,. . . , x,) is an inverse ordered n-tuple of 0+(x1). 
To finish the proof of the first part of the theorem, we need to show that the point (xi)& is 
formed by repeating inverse ordered n-tuple in (2); in other words, we need to show that 
(3) if 1 < j < n, then x,,+j = x~j for each m _> 1. 
PROOF OF (3). Fix j such that 1 5 j <_ n and fix m I 1. Then, we have the following: 
a x3,xmn+j E 0+(x1) (by (1)); 
;b; f”“(xj) = ( x3 since x3 E 0+(x1) by (1) and all points of 0+(x1) have the same period n 
by Lemma 3.1); and 
(c) fmn(xmn+j ) = xj (since (xi)yCI E lim, {X,f}), note from Lemma 3.1 that f ) C?+(xl) 
maps 0+(x1) onto 0+(x1) and is one-to-one (since (0+(x1)( < 00)). 
Therefore, by (a), (b), and (c), x,,+j = xj. This proves (3). 
By (2) and (3), the point (xi)gr has the following form: 
(Xi)Er = 
( 
x1,. . . ,x,, Xl,. . . ,xnr.. . . 
-- 
o+(Q) O+(a) 1 
We now prove the last part of the theorem. 
By Theorem 2.4, f has only finitely many periodic points. Hence, there are only finitely many 
distinct positive orbits for the periodic points of f, say 
~+(P1),...7~+(Pm) (m 2 1 by 5.5). 
By Lemma 3.1, we have that 
(4) nz”=, \o+(pk)i = iPer(fh 
For each k = l,.., m, let & denote the period of pk. Note from the definition of positive orbit 
that 
(5) lU+(pk)( = tk for each k = 1,. . ,m. 
Foreachk=l,...,m,let 
Ik = {inverse ordered & - tuples of o+(pk)}. 
Since o+(pl), . . . , O+(h) are mutually disjoint (by Lemma 3.1), we see that 
(6) the sets 11, . . . , I, are mutually disjoint. 
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Let I = ur=“=,Ik. By (6) and the first part of the theorem, there is a natural one-to-one 
correspondence between the points of the inverse limit and the points of I. Thus, 
(7) ) lim- {X7 fll = l!l. 
From the definition of an inverse ordered n-tuple, every point of Ik is a cyclic permutation of 
a given point of Ik. Thus, IIkI = !,+ for each /c = 1,. . . , m. Hence, by (6), 11) = CL”=, ek; thus, 
by (5), we have that 
(8) III = c:“=, lo+(pk)l~ 
Therefore. 
Now, we come to our result about compositions. In connection with the result, we note that the 
sets of periodic points of the two compositions may be different (as is easily seen by considering 
two different constant maps). 
COROLLARY 3.3. Let X be a nonempty compact metric space, and let f,g : X -+X be ~-con- 
tractive maps. Then the compositions g o f and f o g have the same number of periodic points. 
PROOF. Note that g o f and f o g are c-contractive maps. 
We consider three inverse sequences yielding inverse limits A, B, and C, 
X~X+&~X~.,. A, (1) 
XPOfXi%XPOfXti... B, (2) 
Xf”sX fosxf”sxfos... c. (3) 
Applying 2.37 of [8, p. 331, we see that B and C are each homeomorphic to A. Hence, B is 
homeomorphic to C. Therefore, by Theorem 3.2, 1 Per(g o f)l = ( Per(f o g)l. I 
Obviously, Corollary 3.3 remains true for any two compositions of finitely many e-contractive 
maps provided that the orders in which the compositions are performed are cyclic permutations 
of one another. However, when the orders for the compositions are not cyclic permutations of 
one another, the result may fail; we show this in the following example (the idea of considering 
noncyclic permutations was suggested by Professor M. E. Mays of West Virginia University). 
EXAMPLE 3.4. Let X = { 1,2,3}. We define three maps f, g, h : X --t X as follows: f (1) = 2, 
f(2) = 3, f(3) = 1; g interchanges 1 and 2, and g(3) = 1; h interchanges 1 and 3, and h(2) = 1. 
Then Per(f o g o h) = (3) and Per(f o hog) = {1,2}. 
The example just given raises a number of combinatorial questions about functions on finite 
sets. We state one of the questions that is most directly related to Corollary 3.3. 
QUESTION 3.5. Let X be a finite set, and let F be a finite number of (not necessarily distinct) 
functions of X into itself. How many distinct cardinalities are there of the sets of periodic points 
for all compositions using all functions in P in any order (functions in 3 that are the same appear 
in every composition the number of times they appear in F)? 
For example, when X is any nonempty finite set and 3 consists of only two functions, then the 
answer to Question 3.5 is 1 by Corollary 3.3. However, the answer is not known for other cases 
except when the number of functions or the cardinality of the set are so small that the answer 
can be obtained by brute force. 
Next, we use Theorem 2.2 and Corollary 2.7 to show that e-contractive maps on continua are 
really contraction maps in disguise. 
A contraction map is a map f of a metric space (X, d) to itself with a Lipschitz constant A < 1; 
that is, d(f(z), f(y)) 5 Xd(z,y) for all z,y E X. 
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THEOREM 3.6. Let (X,d) be a continuum, and Jet f : X + X be an e-contractive map. Then, 
for any X E (0, l), there is a metric that generates the topology on X and with respect to which f 
is a contraction map with Lipschitz constant X. 
PROOF. By Corollary 2.7, Per(f) = {p}, where p is the unique tied point of f. Hence, by 
Theorem 2.2, I(f) = {p}. Therefore, the theorem follows from a theorem of Janos [4]. I 
Since contractive maps are c-contractive, Theorem 3.6 also holds for contractive maps. 
Theorem 3.6 is stronger than Theorem 2.1 of [lo, p. 2151. The reason is that for compact metric 
spaces, what we call c-contractive is equivalent to what Rosenholtz calls locally contractive (as 
is seen using a straightforward Lebesgue number of a cover [6, p. 24) argument). Thus, our 
assumptions in Theorem 3.6 are the same as the assumptions in Theorem 2.1 of [lo], but our 
conclusion is stronger. 
4. LOCALLY CONTRACTIVE MAPS 
Let (X,d) be a metric space. A map f : X -+ X is said to be locally contructive provided 
that for each z E X, there exist E% > 0 and X, E [O,l) such that for all y,z E C(Z,E~), 
MY), f(z)) I AZ d(Y, z). 
Locally contractive maps were introduced in [l, 5.3, p. 771 for the purpose of showing that 
Theorem 2 of [l] for e-contractive maps is false for locally contractive maps. 
In general, there is no direct relation between locally contractive maps and e-contractive maps: 
The map f : X -+ X, where X = (0) U {l/i : i = 1,2,. ..}, given by f(0) = 0 and f(l/i) = 
l/(i + 1) shows that an c-contractive map need not be locally contractive; a locally contractive 
map that is not c-contractive (for any E) can be obtained by modifying the example in [l, p. 771 as 
follows. Replace l/n with l/2” throughout, replace l/(n + 1) in the definition off with 1/2n+1, 
and replace the conditions on n in the definition of f with n # 2i - 1 and n = 2i - 1. 
However, we show that a locally contractive map of a compact metric space to itself is e-con- 
tractive; thus, all our results in Section 2 for compact spaces and all our results in Section 3 hold 
for locally contractive maps. 
We use the following notion. Let (X,d) be a metric space, let f : X -+ X be a map, and let 
E > 0 and X E [0, 1). Then f is said to be E - X uniformly locally contractive provided that for 
any points y, z E X such that d(y, Z) < E, d(f(Y), f(z)) < xd(y, z). 
THEOREM 4.1. Let (X, cl) be a compact metric space, and Jet f : X -+ X be a map. Then f is 
locally contractive iff f is E - X uniformly locally contractive for some E > 0 and some X E [0, 1). 
PROOF. Assume first that f is locally contractive. Then, for each z E X, there exists E, > 0 
and X, E [O,l) such that d(f(y),f(z)) < X,d(y,z) for all y,z E C(E,E,). 
Since X is compact, there are finitely many points ~1, . . . ,x, such that the open balls B(zl ,E~,), 
.1 ~ch, GE,, 1 
i(i, 
cover X. Let 2~ > 0 be a Lebesgue number for the cover {B(z~, E,,) : i = 1,. . . , n} 
p. 241. Let X = max{&, . . , A,,,}. We see that f is E - X uniformly locally contractive as 
follows. Let y,z E X such that d(y, z) < E; then, since d(y, z) < 2~, there exists k such that 
Y,Z E B(z~,G,), hence Y,Z E C(Q,G~); therefore, d(f(y),f(r)) I A,, d(~,z) I Xd(y,z). 
Conversely, assume that f is E - X uniformly locally contractive for some E > 0 and some X E 
[O,l). Let 2 E X, and let y, z E C(z, c/2). Then d(Y, Z) 5 E and, hence, d(f(y),f(z)) 5 xd(y, z). 
Therefore, f is locally contractive. I 
THEOREM 4.2. Any locally contractive map of a compact metric space to itself is E-contractive. 
PROOF. Obvious by Theorem 4.1. I 
COROLLARY 4.3. Results 2.2, 2.4, 2.6 (for X compact), 2.7, 3.2, 3.3, and 3.6 hold for locally 
contractive maps. 
Theorem 3.3.9 of [3, p. 831 says that a locally contractive map of a nonempty compact metric 
space to itself has a unique fixed point. However, this theorem is false, as is shown by the map 
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f : {O,l} -+ {O,l} defined by f(0) = 1 and f(l) = 0. N evertheless, locally contractive selfmaps 
of nonempty compact metric spaces must have periodic points, as follows from our Theorem 4.2 
and from 5.1 of (1, p. 771; note that Theorem 3.3.9 of [3] is correct when the compact metric 
space is a continuum (by Theorem 4.2 and Corollary 2.7). 
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